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A simple methodical derivation for Landauer quantization of the conductivity is derived as a
simple consequence of the Bohr quantization laws. The level of explanation corresponds to high-
school level of Physics education and can be used as popular lecture for students. The purpose of
the work is to introduce students in an achievement of nano-technology which is relevant to the
future electronics. Using only the fundamental laws of quantization students can understand a
contemporary experimental research and to follow future development in the field.
PACS numbers: 01.40.Fk, 73.63.Nm, 73.63.Rt
I. INTRODUCTION
The permanent miniaturization in the electronic tech-
nology leads to the need of mentioning the quantum
effects, while exploring the electron transfer in nano-
structures. For example in the common copper cables
the electrons are moving the same way as in a bulk poly-
crystalline metal, but when the wideness of the conduc-
tor is in the sub-micron area, there are observed quan-
tum effects. In these extremely thin wires, or as they
are usually called nano-wires, the electron moves by the
length of the conductor like a wave; the wideness of the
wire must be less than 100 nm. We must calculate the
current, caused by the different types of electron waves,
which are conveyed through the nano-wire the same way
as the television signal is transferred through the coaxial
cable. When the nano-wires are small enough and are
very precisely made, the electron diffusion is low enough
and we can think of them like “flying” through the whole
wire with a constant velocity v and momentum p. This
kind of movement is called ballistic, like a free flying bul-
let. The problem of calculating the electric conductiv-
ity of a nano-wire, connecting two bulk conductors as
is shown on Fig. 1, was solved before nearly half a cen-
tury by Rolf Landauer, who worked then in IBM. The
predicted by Landauer quantization of the conductivity
was demonstrated very precisely by a split gate field ef-
fect transistor1,2,3, shown schematically on Fig. 2. This
theory is used for the analysis of the work of sub-micron
nano-structures, as the whole contemporary electronics
are based on the nano-technology. In leading electronic
companies there were made fundamental explorations of
the properties of nano-structures in different conditions;
for example, there was examined their behavior in very
low temperatures. The purpose of the present work is to
describe the experiments1,2,3 and to make a simple devia-
tion of the Landauer’s formula, using only the fundamen-
tal principles of Physics, formulated by Niels Bohr. For
understanding the deviation is necessary only familiarity
with the atomic model of Bohr, which is already taught
in the high-school level of education. That is why our
FIG. 1: One dimensional (1D) channel connecting two bulk
two-dimensional (2D) conductors. Applied voltage creates
current and the conductivity is quantized.
work may be used by teachers, who want to show their
classes a new material from the contemporary Physics,
but some pupils may understand the present work them-
selves. Usually while analyzing some occurrences the ac-
tion of the border is too low to be assumed. For example
the heat capacity of a ring and a cylinder made from the
same material is practically equivalent. That is why it’s
understandable that we will use the conclusion of a help-
ing problem to analyze the conductivity of a nano-wire.
This helping solution concerns electrons, circulating on a
nano-ring. Instead of exploring a flow of electrons, trans-
ferred in a nano-wire from the negative electrode. We
will concentrate on electrons, winding in one direction
on a sub-micron conductive ring with radius r. After the
analysis of the reference between the current and the po-
tential we will “cut” the ring and will apply the results
for the analysis of the conductivity of nano-technology
2FIG. 2: Realization of 1D conductor (point contact) by split-
gate technology field effect transistor. Gold split-gate rejects
the electrons from the two dimensional electron gas (2DEG)
in thin GaAs layer. The levels µ1 and µ2 of the two Fermi
seas are different.
point contacts.
II. REALIZATION OF THE EXPERIMENT
Let us describe shortly the realization of the one-
dimensional electron conductor by semi-conductive nano-
structures. Decreasing the dimensionality is achieved in
two separate stages, and technologically the most impor-
tant step is the establishing of two-dimensional electron
gas 2DEG. For that reason there are used laminar semi-
conductive structures. A thin coat of GaAs is placed in
AlGaAs. Closely to that coat the bulk AlGaAs is alloyed
in a very thin area with Si. The electron leaves the Si
donors and fall into the potential hole of GaAs. In this
situation their wave-functions are just standing waves,
like the tremble of a violin string. But in the flat of
the interface the electrons move like free two-dimensional
particles and their wave-functions are flat waves. In dif-
ferent words, we can assume that in the thin coat the
electrons are soaring like seagulls above the surface of the
sea. Their dissipation on the distant ionized Si donors is
low and the conductivity of the 2DEG is very high. The
density of this depraved electron gas is very high, and
we have a two-dimensional metal when the temperature
is low. This metal is very well insulated from the semi-
conductor, in which it’s situated. For that structure the
Pauli prohibition is valid and the electrons fill all the elec-
tron states to some highest possible energy Emax, called
Fermi energy, as it is schematically depicted on Fig. 3.
The mentioned above filling of electron position is analo-
gous to the filling with water of all the volumes in Earth,
FIG. 3: Energy quantization when electrons circulate around
a ring with radius r. Due to Bohr laws the angular electron
momentum is quantized. This leads to velocity and energy
quantization. Open circles presents empty electron orbitals.
Filled circles denote double electron occupied states. The
electrons moving in right direction have a maximal energy.
beneath the sea level and that is why the phrase Fermi sea
is usually used. In our case the sea is two-dimensional.
The technological problem is to create one-dimensional
channel between two seas of that kind. For this purpose
one split-gate of two gold electrodes is used, evaporated
on a semi-conductor hetero-structure. That is how we
create a field effect transistor, demonstrated on Fig. 2.
The source and the stock have an Ohm connection with
the 2DEG. When we put a strongly negative potential
on the gate, the electrons below it disappears, ejected
awry by the Coulomb repulsive force of the gate. That is
how the connection between the two sees is interrupted
and the transistor is bung and stopped. When we de-
crease the force of rejection by changing the gate volt-
age the contact between the Fermi seas is recovered and
the electrons run from one sea, to the other through the
narrow one-dimensional channel, created under the split-
gate. In this phase of their transfer, the electrons have
almost one-dimensional motion - like waves in a waveg-
uide. They do not diffuse, but fly like bullets. That is
why we call that condition a Ballistic regime. The wave-
function of the electrons are flat waves stretched by the
length of the channel, and in the perpendicular direction
they are standing waves. The filling of the electron states
depends on the potential, so the gate voltage determines
the number of the open electron channels. Each of these
channels gives one quantum of conductivity to the whole
conductivity of the nano-technology point contact. Now
we can understand the step-looking nature of the rela-
tion between the conductivity and the gate voltage in
the low-temperature range, shown on Fig. 4.Each step
3FIG. 4: Conductivity σ of the field effect transistor versus
gate voltage Ug . Increasing the voltage opens new electron
channels. Every open electron channel gives one conductivity
quantum 2e2/h to the whole conductivity which creates the
height of the steps.
FIG. 5: Conductivity σ versus gate voltage Ug at different
temperatures. Increasing the temperature smears the steps
of conductivity quantization. At high temperatures the con-
ductivity quantization disappear.
means that one more one-dimensional channel has been
opened between the Fermi seas. Increasing the temper-
ature means that the steps become smoothed-out and
indistinct, see Fig. 5;freezing brings us more step-looking
figure. The height of the step may be computed with ele-
mentary knowledges. These calculations were realized in
the next part of this work. If we want to be more accu-
rate we have to take into account currents in the opposite
directions, when U is a small difference between the lev-
els of the Fermi seas, but the result remains the same.
That is all we will say about the realization of the exper-
iment. In the next section the Landauer formula will be
deviated, describing the quantization of the conductivity.
After that we will describe the influence of the different
temperatures to the conductivity of the nano-technology
point contact.
III. DEVIATION OF THE LANDAUER
FORMULA
As we had already mentioned, we will analyze a mental
experiment with electrons, winding on a circle with ra-
dius r, like the atomic model of Bohr. That experiment
will help us to solve our problem. When an electron cir-
culates with velocity v the period of its round is 2pir/v
(time is equal to the path divided by velocity). And the
average current In is simply the electron charge e divided
by the period (by definition the current is the charge per
unit time)
In =
evn
2pir
. (1)
The index n means that we respect the quantum prop-
erties of the electron. The integer n shows us how many
wavelengths of the electron λe = 2pi~/p can be put to-
gether in perimeter of the circle 2pir = nλe. According
to the Bohr’s law the angular momentum is quantized
mvr = n~, (2)
where ~ = 1.055 × 10−34 Js is the Plank’s constant and
the integer n is called magnet quantum number in the
atomic physics, m is the effective mass of the electron in
the crystal grid. From Bohr’s law we can calculate the
velocity:
vn =
~
mr
n. (3)
And we can put the results back in the formula, applied
to the formula for the current Eq. (1).
In =
e~
2pimr2
n. (4)
The quantization of the velocity causes quantization of
the kinetic energy too
En =
1
2
mv2n =
1
2
~
2
mr2
n2. (5)
This formula explains the energetic spectrum of an elec-
tron, winding on a circle with a fixed radius, graphically
shown on Fig. 3. Its now easy to calculate the whole cur-
rent, caused by all the electrons, circulating in one direc-
tion v > 0, assuming tat all the electron states with en-
ergy in the range from E = 0 to E = Emax are filled with
4exactly 2 electrons each (with spin “up” and “down”).
According to the Pauli’s principle of prohibition each
electron state can be filled only with one electron with
certain spin and from the equation about the spectrum
its obvious, that the maximal energy Emax can be param-
eterized with one big integer N or with an item, having
the character of electric potential U
Emax =
1
2
~
2
mr2
N2 = eU. (6)
The whole current is equal to the sum of all the electron
currents
I = 2
N∑
n=0
In. (7)
In other words, a sum through all the electron states
ought to be made. We can use the formula for the arith-
metic progression for big enough numbers N ≫ 1
N∑
n=1
n = 1+2+3+ · · ·+N =
N(N + 1)
2
≈
N2
2
≫ 1. (8)
We apply this formula for to the calculation of the cur-
rents Eq. (7), expressed by Eq. (4)
I = 2
N∑
n=0
In = 2
N∑
n=0
e~
2pimr2
n =
2e~
2pimr2
N(N + 1)
2
. (9)
The integer N is much bigger than 1, so in a good ap-
proximation we may assume that N(1 + 1/N) ≈ N and
there we have
I = 2
e
2pi~
(
~
2N2
2mr2
)
. (10)
Here the expression in the brackets is the highest possible
energy of the electrons mentioned in Eq. (6). Now we
have the opportunity to express the current by an electric
potential
I =
2e2
2pi~
U =
2e2
h
U = σU, (11)
following the tradition we have used the old Plank con-
stant h = 2pi~. By definition the conductivity σ is the
current, divided to the voltage σ = I/U . In this whole
calculation we assume that the regime of the electrons,
transferred through the ring is ballistic, where the elec-
tron diffusion is neglected. That is why the electron
wavelength have to be shorter than the average free path
of the electron. The result we achieved is applicable for
short enough nano-wires, including point-contacts too,
where the one-dimensional movement is in a very slight
area. Now we have the Landauer formula, describing the
quantization of the conductivity of one-dimensional con-
ductor.
σ0 =
2e2
h
=
1
12906 Ω
= 77.5µSm. (12)
In the realistic nano-technology point-contacts the con-
ductivity is achieved as a result of a great number of such
one-dimensional channels and to calculate the whole con-
ductivity, we ought to multiply the conductivity quantum
σ0 by the number of the opened one-dimensional electron
channels K
σ = Kσ0 = K
2e2
h
. (13)
IV. THE INFLUENCE OF FINITE
TEMPERATURE
Lets research the results, achieved by realizing the ex-
periment. In this work there was used the transistor,
shown on Fig. 2. The temperature, in which the measure-
ments were made is close to the absolute zero T = 0.6 K.
Measuring the voltage, the conductivity can be calcu-
lated for different values of the negative gate potential
Ug, applied to the point contact. A simple parallel can
be made, concerning the negative voltage, which can help
the reader to understand the graphical relation between
σ and Ug, shown on Fig. 4. The applied negative gate
voltage can be assumed as a wideness of the point con-
tact. This parallel was explained and used yet in the
second section. Increasing Ug means the point contact
becomes narrower. Therefore, by changing the gate volt-
age we can increase or decrease the conductivity of the
nano-technology point contact, as we act on its wideness.
That is how this simple analogy between electrical poten-
tial and wideness helps us to reduce our problem to the
simple model of an usual Ohm’s conductor.
The conductivity is shown in units 2e2/h. It’s inter-
esting, that the conductivity is not increasing linearly
with the accretion of the wideness of the point contact,
but, as there was already mentioned, the function has a
strange vision, it increases in some portions, steps or, as
we call them - quants, each of these leading to increas-
ing σ with 2e2/h. When Ug = −2.2 V the conductivity is
zero. This means that there is no current transferred and
that the point contact is stopped. In other words while
Ug = −2.2 V the wideness of the gate is zero and the
circuit is ceased, because all the electrons from the con-
tact are ejected awry due to the electric rejection forces.
The quantization of the conductivity of the unit shown
on Fig. 2 in the mentioned conditions can be detected
in the range from Ug = −0.3 V to Ug = −2.2 V, when
the circuit is disconnected. In this range the conductiv-
ity changes altogether 16 times, and each of these por-
tions is equal to 2e2/h. The graphics also shows that the
quantization of the conductivity is not entirely sharp and
distinct, the steps are a little bit rounded. The reason for
that indefinite vision of the function is the resistance of
the 2DEG zones, which approximately measures 400 Ω.
Furthermore it is possible to see that the higher is the
conductivity, the smoother is the function. The expla-
nation for this occurrence in that the 2DEG zones resis-
tance becomes a bigger part of the whole resistance of the
5circuit, as the resistance of the point contact decreases.
Now we have the relation σ/Ug entirely explained for
T = 0.6 K. A very interesting question is to explore the
same experiment made in the conditions of some differ-
ent temperatures T. The graphic showing the changes
of σ as a function of Ug is shown on Fig. 5. This time
there are demonstrated the measured values for different
temperatures: 0.3 K, 0.6 K, 1.6 K, 4.2 K. Obviously the
quantization of the conductivity tends to disappear when
increasing the temperature. Even when T = 4.2 K it is
really hard to see it. We have already considered all of
the most interesting and important aspects of the quan-
tization of the conductivity of the nano-technology point
contacts. Now we ought to mention one very important
detail about this problem. We have already understood
where the Ohm’s resistance appears in the point contact,
but our work would be incomplete if we overpass the
question where the Ohm’s heating becomes; we ought
to mention something about the inconvertible character
of the point contact. The electrons pass through the
gate in ballistic regime, so there is no heat emitted. The
heat, actually, is generated when the electrons transfer
from the first Fermi sea to the other through the one-
dimensional channel and they begin to hit into the sur-
rounding walls. The situation when an electron is coming
into a sea through the point contact reminds the model
of the black body radiation. Exactly as the beam of light,
fallen through the narrow hole into the box cannot went
out, exactly the same situation we have with the electron,
fallen into the second 2DEG zone. It cannot get back to
the first Fermi sea through the point-contact. Therefore
the irreversibility of the process of transferring electrons
through nano-technology point contacts appears in the
non-elastic hits, which the electrons bear when coming
to the second, lower level Fermi sea. This process is just
the same as the heating of water, which overflows from
one reservoir to another. In the present work we have
solved a contemporary quantum problem, although the
results, necessary for the interpretation of the experimen-
tal data were achieved with elementary methods, taught
in the high-school level of Physics education.
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V. TRANSLATION IN SLOVAK LANGUAGE:
U´VOD
Neusta´la miniatˇuriza´cia v elektronike nu´ti k tomu, aby
boli kvantove´ efekty vypocˇ´itavane´, pocˇas vy´skumu nano-
sˇtruktu´r. Napr´iklad v obycˇajny´ch medeny´ch ka´bloch
elektro´ny sa pohybuju´ presne tak isto, ako v objemovom
polykriˇsta´lovom kove. Kedˇ ale sˇirka vodicˇa je v sub-
mikro´nnom rozsahu, zjavuju´ sa kvantove´ efekty. V ty´chto
mimoriadne tenky´ch ka´bloch, zvycˇajne nazy´vane´ nano-
ka´ble, elektro´ny sa pohybuju´ po d´lzˇke vodicˇa ako vlna;
sˇirka ka´bla mus´i bytˇ mensˇia ako 100 nm. Mus´ime
vypocˇ´itatˇ elektricky´ pru´d, spoˆsobeny´ rozlicˇny´mi typmi
elektro´novy´ch v´ln, ktore´ sa prenasˇaju´ cez nano-ka´bel
ty´m isty´m spoˆsobom, ako sa prena´sˇa telev´izny signa´l
cez koaxia´lny ka´bel. Kedˇ su´ nano-ka´ble dostatocˇne
male´ a su´ prec´izne vyrobene´, rozptyˇlovanie elektro´nov
je dostatocˇne male´ a moˆzˇeme o nich uvazˇovatˇ ako “leti-
ace” cez celu´ d´lzˇku ka´bla s konsˇtantnou ry´chlostˇou v a
momentom p. Tento spoˆsob pohybu sa nazy´va balisticky´,
ako vystrelena´ guˇlka. U´loha pre vypocˇ´itavanie konduk-
tivity nano-ka´bla, spa´jaju´ce´ho dva objemne´ voidcˇe, ako
je ilustrovane´ na Fig. 6, bola vyriesˇena´ es´te pred pribl´izˇne
po´l storocˇ´im Rolfom Landauerom, ktory´ vtedy praco-
val pre IBM. Predznamenana´ od Landauera qantiza´cia
konduktivity bola demonstrovana´ veˇlmi prec´izne od
tranzistora s rozsˇtiepeny´m gejtom1,2,3, demonstrovany´
sche´maticky na Fig. 7. Ta´to teo´ria sa pouzˇ´iva pri
analyzovan´i submikro´nny´ch nano-sˇtruktu´r, kedzˇe cela´
dnesˇna´ elektronika sa opie´ra na nano-sˇtruktu´ru. V
niektory´ch vedu´cich elektronicky´ch firma´ch boli urobene´
fundamenta´lne sku´mania vlastnost´i nano-sˇtruktu´r pri
roˆznych podmienkach, napr. bolo presku´mane´ i´ch
chovanie pri velmi n´izky´ch teplota´ch. Cieˇlom nasle-
duju´ceho materia´lu je op´isatˇ experimenty1,2,3 a vyvinu´tˇ
jednoduchy´ vy´vod Landauerovej formuli, s pomocou len
elementa´rny´ch princ´ipov fyziky, formulovane´ od Nielsa
Bohra. Pre pochopenie vy´vodu je potrebne´ len poz-
nanie Bohrove´ho atomove´ho modelu, ktory´ sa uzˇ niekoˇlko
desatˇrocˇ´i vyucˇuje na gymnazia´lnej u´rovni. S tohto
doˆvodu sa nasˇa pra´ca mozˇe pouzˇ´ivatˇ od ucˇiteˇlov, ktor´i
by chceli demonsˇtrovatˇ svoj´im zˇiakom novy´ material z
dnesˇnej fyziky; niektor´i zˇiaci by mohli nasleduju´cu pra´cu
pochopiˇt aj samostatne. Zvycˇajne pri sku´man´i nejake´ho
javu vplyv hranice je pr´iliˇs maly´, aby bol zdoˆraznˇovany´
6FIG. 6: Jednodimenzia´lny (1D) kana´l spa´jaju´ci dva objemne´
dvojdimenzia´lne (2D) konduktori. Pridane´ napa¨tie vyvola´va
pru´d a konduktivita je kvantizovana´.
FIG. 7: Realiza´cia 1D vodicˇa (bodove´ho kontaktu) pomo-
cou tranzistora s rozsˇtiepeny´m gejtom. Zlat´i gejt odpudzuje
elektro´ny z dvojdimenzia´lneho elektronne´ho plynu (2DEG) v
u´zkej GaAs vrstve. U´rovne µ1 a µ2 Fermiho mory´ su´ roˆzlicˇne´.
a ty´m pa´dom sa nepocˇ´ita. Napr´iklad tepelna´ kapacita
prstena a cylindra, vyrobeny´ch s toho iste´ho materia´lu je
prakticky rovnaka´. V takom pr´ipade je pochopiteˇlne´, zˇe
pouzˇijeme riesˇenie pomocne´ho pr´ikladu pre ana´ly´zu kon-
duktivity nano-ka´bla. Tento pomocny´ pr´iklad spocˇ´iva
v tom, robiˇt vp´ocˇty pre elektro´ny, cirkuluju´ce po nano-
prstene, namiesto sku´mania toku elektro´nov, “preli-
etaju´cich” cez nano-ka´bel, od negat´ivneho elektro´du k
pozit´ivnemu. My sa su´strd´ime na elektro´ny, cirkuluju´ce
v jednom smere po nano-prstne s radiusom r. Kedˇ
uzˇ budeme matˇ analy´zu vztˇahu elektricke´ho pru´du k
napa¨tiu, “rozrezˇeme” prstenˇ a vyuzˇijme vy´sledky pre
konduktivitu nano-technologicky´ch bodovy´ch kontaktov.
VI. REALIZA´CIA EXPERIMENTU
V nasleduju´cich riadkoch op´iˇseme v kra´tkosti re-
aliza´ciu jednomerne´ho elektro´nove´ho vodicˇa pomocou
polovodicˇovy´ch nanosˇtruktu´r. Zn´izˇenie dymenzionality
je dosiahnute´ v dvoch rozdielny´ch fa´zach, a z techno-
logicke´ho hladiska je najdoˆlezˇitejˇsi prechod vytva´ranie
dvoj-dimenzia´lneho elektronne´ho plynu 2DEG. Z tohto
doˆvodu sa pouzˇ´ivaju´ lamina´rne´ polovodicˇove´ sˇtruktu´ry.
Tenka´ vr´stva GaAs sa nana´sˇa do AlGaAs. Bl´izko tejto
vr´stvy sa objemny´ AlGaAs jo´nizuje v tenkej vr´stve so
Si. Elektro´n vybieha z Si donorov a pada´ do po-
tencia´lnej jamy GaAs. V tejto situa´cii i´ch vlnove´ funkcie
su´ jednoducho stoja´ce vlny, ako tie, cˇo sa vytva´raju´
pri chven´i struny huslicˇiek. V plosˇine prostredia sa ale
elektro´ny pohybuju´ ako volne´ dvoj-dymenzia´lne´ cˇastice a
ich vlnove´ funkcie su´ ploske´ vlny. In´imi slovami, moˆzˇeme
pocˇ´itatˇ, zˇe elektro´ny sa vzna´sˇaju´ ako cˇajky nad morskou
hˇladinou. I´ch rozpty´lenie na vzdialeny´ch jo´nizovany´ch
Si donoroch je veˇlmi male´ a preto konduktivita 2DEG-
u je velmi vysoka´. Hustota tohto elektronne´ho plinu je
veˇlka´, a mozˇeme uvazˇovatˇ, zˇe ma´me dvoj-dymenzia´ln´i
kov pri n´izky´ch teplota´ch. Tento kov je veˇlmi dobre
izolovany´ ot semikonduktora, v ktorom je umiestneny´.
Pre tu´to sˇtruktu´ru Pauliho za´brana u´cˇinkuje a vsˇetky
elektro´ny vyp´lnˇaju´ vsˇetky elektro´nne´ u´rovne po nejaku´
maxima´lnu mozˇnu´ energiu Emax, zvanou Fermiho ener-
gia, ako je schematicky uka´zane´ na Fig. 8.
Predty´m spomenute´ zap´lnˇanie lektro´nnych poz´ici´i je
analogicke´ zap´lnˇaniu pra´zdnych medzier na zemskom
povrchu vodou po u´rovenˇ morskej hladiny; z tohto doˆvdu
sa cˇasto pouzˇ´iva fra´za Fermiho more. V nasˇom pr´ipade
more je dvojdymenzia´lne. Technologicky´ proble´m je
vyrobiˇt jednomerny´ kana´l medzi dvomi podobny´mi
morami. Na dosiahnutie tohto cieˇla je pouzˇity´
rozsˇtiepeny´ gejt z dvoch zlaty´ch elektro´d, vypareny´ na
polovodicˇovu´ heterosˇtruktu´ru. Ta´to meto´da na vy´robu
tranzistora s rozsˇtiepeny´m gejtom sa pouzˇ´iva, a je de-
monsˇtrovana´ na Fig. 7. So´rce a stok maju´ ohmove´ spoje-
nie s 2DEG. Kedˇ gejtu prida´me silne negat´ivny´ potencia´l,
elektro´ny pod n´im zmiznu´, vytlacˇene´ nabok coulom-
bovy´mi odpudzuju´cimi silami gejtu. Ty´mto spoˆsobom
sa spojenie medzi dvoma morami prerusˇ´i a tranzis-
tor sa upcha´. Kedˇ silu odpudzovania zmensˇ´ime, zme-
nen´im gejtove´ho napa¨tia kontakt medzi Fermi morami
sa znovu vytva´ra a elektro´ny prechadzaju´ z jedne´ho
mora do druhe´ho cez u´zky jednodymenzia´lny kana´l,
vytvoreny´ pod rozsˇtiepeny´m gejtom. V tejto fa´ze
transfe´ru elektro´ny maju´ skoro jednosmerny´ spoˆsob po-
hybu - ako vlny vo vlnovode. Oni sa nerozptluju, ale
letia ako na´boje. Z tohto doˆvodu vola´me tento typ po-
hybu balisticky´ rezˇ´im. Vlnove´ funkcie su´ ploske´ vlny,
7FIG. 8: Kvantiza´cia energie elektro´nov, cirkulujuc´ich po
okruhu s ra´diusom r. Podla Bohrovy´ch za´konov uhlovy´ mo-
ment elektro´nu je kvantizovany´. S toho je spoˆsobena kvan-
tiza´cia aj ry´chlosti aj energie. Pra´zdne´ kru´zˇky demonsˇtruju´
pra´zdne´ elektro´nne´ orbity. Plne´ kru´zˇky ukazuju´ dvojito zau-
jate´ u´rovne. Elektro´ny sprava maju´ maxima´lnu´ energiu.
FIG. 9: Konduktivita σ tranzistora oproti gejtovej volta´zˇe.
Zvy´sˇenie napa¨tia otva´ra nove´ elektro´nne´ kana´ly. Kazˇdy´
elektro´nny´ kana´l da´va o jeden kondukt´ivny´ kvantum 2e2/h
celej konduktivite, a vdˇaka tomu sa vytva´ra vy´sˇka schodou.
rozsahuju´ce sa pozd´lzˇ kana´la, v perpendikula´rnej rovine
su´ to stojate´ vlny. Zaplnenie elktro´nny´ch u´rovn´i za´lezˇ´i od
potencia´lu, takzˇe gejtova´ volta´zˇ urcˇuje pocˇet otvoreny´ch
elektro´nny´ch kana´lov. Kazˇdy´ z ty´chto kana´lov da´va je-
den kvantum konduktivity k celej konduktivity nano-
technologicke´ho bodove´ho kontaktu. Teraz uzˇ moˆzˇeme
pochopiˇt “schodovity´” charakter vzhˇladu rela´cie medzi
FIG. 10: Konduktivita σ oproti gejtove´mu volta´zˇu Ug pri
roˆzny´ch teplota´ch. Zvy´sˇenie teploty roby´ schody kvantiza´cie
hladsˇie. Pri vysoky´ch teplota´ch kvantiza´cia konduktivity
mizne.
konduktivitou a gejtovy´m napa¨t´im pri n´izky´ch teplota´ch,
zaobrazenou na Fig. 9. Kazˇdy´ “schod” znamena´,
zˇe je otvoreny´ dˇalˇs´i jednomerny´ kana´l medzi Fermiho
morami. Zvy´sˇenie teploty prida´va “schodom” hladkejˇs´i
vy´zor. Postupne sa stanu´ neodhalitelny´mi (Fig. 10);
ochla´dzovanie na´m prina´sˇa zdoˆraznenejˇsie schodito vyz-
eraju´cu figuru. Vy´sˇka schodou moˆzˇe bytˇ vypocˇ´itana´ ele-
menta´rnymi poznatkami. Tieto kalkula´cie su´ realizovane´
v nasleduju´cej sekcii tohto textu.
Aby sme boli prestn´i by sme museli pocˇ´itatˇ aj elek-
tricke´ pru´dy, prebiehaju´ce v opacˇnom smere, vtedy,
kedˇ U je maly´ rozdiel medzi rovinami Fermiho mory´;
neza´visle od toho vy´sledky zosta´vaju´ tie iste´. To je
vsˇetko, cˇo povieme o realiza´cii experimentu. V nasle-
duju´cej sekcii bude predstaveny´ vy´vod na Landauerovu´
formulu, opisuju´cu kvantiza´ciu konduktivity. Dˇalej
charakterizujeme vplyv zmeny teploty na konduktivitu
nano-technologicke´ho bodove´ho kontaktu.
VII. VY´VOD FORMULE
Uzˇ sme spomenuli, zˇe budeme analyzovatˇ mysleny´
experiment s elektro´nmi, cirkuluju´cimi po okruhu s
ra´diusom r, ako v a´tomovom modele Bohra. Teneto
experiment na´m pomoˆzˇe pri riesˇen´i nasˇej u´lohy. Kedˇ
sa elektro´n tocˇ´i ry´chlostˇou v perio´da jeho ota´cˇky je
2pir/v (cˇas sa vyjadruje ako prejdena´ cesta, rozdelena´
na ry´chlostˇ). Stredny´ elektricky´ pru´d In je proste na´boj
elektro´nu e rozdeleny´ na perio´du (defin´icia pre elektricky´
pru´d je prebehnut´i na´boj za urcˇity´ cˇas)
In =
evn
2pir
. (14)
8Index n znamena´, zˇe resˇpektujeme kvantove´ vlastnosti
elektro´nu. Cele´ cˇ´islo n ukazuje koˇlko kra´t d´lzˇka vlny
elektro´nu λe = 2pi~/p sa nacha´dza v perimetri kruhu
2pir = nλe. Podˇla Bohrovho za´kona Uhlovy´ moment je
kvantizovany´
mvr = n~, (15)
kde ~ = 1.055 × 10−34 Js je Plankova´ konsˇtanta a
cela´ cˇislica n ma´ na´zov magnetove´ kvantove´ cˇ´islo v
a´tomovej fyzike, m je efekt´ivna hmotnostˇ elektro´nu
v kriˇstalickej sˇtruktu´re. Z Bohrovho za´kona moˆzˇeme
vypocˇ´itatˇ ry´chlostˇ:
vn =
~
mr
n. (16)
Vy´sledky moˆzˇeme pouzˇiˇt vo formule o eletrickom pre´de
Eq. (14).
In =
e~
2pimr2
n. (17)
Kvantiza´cia ry´chlosti spoˆsobuje kvantiza´ciu kinetickej en-
ergie tiezˇ
En =
1
2
mv2n =
1
2
~
2
mr2
n2. (18)
Ta´to formula opisuje energeticke´ spektrum elektro´nu,
Tocˇiacim sa po kruhu s fixovany´m ra´diusom, graficky
uka´zanom na Fig. 8. Vypocˇ´itavanie cele´ho pru´du,
spoˆsobene´ho vsˇetky´mi elektro´nmi, kru´zˇiacimi v jed-
nom smere v > 0, uzˇ nie je poble´m, povazˇuju´c, zˇe
vsˇetky elektro´nne u´rovne v interva´le od E = 0 da
E = Emax su´ zaplnene´ presne dvoma elektro´nmi kazˇda´
(zo spinom “hore” a “dolu”). Podˇla Pauliho za´brane
kazˇda´ elektro´nna u´rovevn moˆzˇe bytˇ zaplnena´ len jedny´m
elektro´nom s dany´m spinom a z formule o spektre je
jasne´, zˇe maxima´lna energia Emax moˆzˇe bytˇ parametri-
zovana´ s jednou veˇlkou celou cˇislicou N alebo s cˇlenom,
maju´cim rozmernostˇ elektricke´ho potencia´lu U
Emax =
1
2
~
2
mr2
N2 = eU. (19)
Cely´ pru´d je suma zo vsˇetky´ch elektro´nnych pru´dov
I = 2
N∑
n=0
In. (20)
S iny´mi slovami, mus´i sa sumovatˇ cez vsˇetky elektro´nne
u´rovne. Moˆzˇeme pouzˇiˇt formulu o aritmetickej progre´sii
pre dostatocˇne veˇlke´ cˇ´islo N ≫ 1
N∑
n=1
n = 1+2+3+· · ·+N =
N(N + 1)
2
≈
N2
2
≫ 1. (21)
Pouzˇijeme tu´to formulu pre kalkula´ciu pru´dov Eq. (20),
vyjadren´imi cez Eq. (17)
I = 2
N∑
n=0
In = 2
N∑
n=0
e~
2pimr2
n =
2e~
2pimr2
N(N + 1)
2
.
(22)
Cela´ cˇislica N je oveˇla vecˇsˇia ako 1, takzˇe s dostatocˇnou
presnostˇou moˆzˇeme prijatˇ, zˇe N(1 + 1/N) ≈ N a
dostaneme
I = 2
e
2pi~
(
~
2N2
2mr2
)
. (23)
Vy´raz v za´tvorka´ch je maxima´lna mozˇna´ energia
elektro´nov, spomenuty´ch v Eq. (19). Teraz ma´me
mozˇnostˇ vyjadriˇt pru´d pomocou elektricke´ho potencia´lu
I =
2e2
2pi~
U =
2e2
h
U = σU, (24)
Podˇla trad´icie sme pouzˇili staru´ Plankovu´ konsˇtantu
h = 2pi~. Podˇla defin´icie, konduktivita σ sa rovn´a pru´du,
rozdelene´mu napa¨tiu σ = I/U . V celej kalkula´cii sme
pocˇ´itali s ty´m, zˇe rezˇ´im elektro´nov, prena´sˇany´ch cez
prestenovidny vodicˇ, je balisticky´. Pri tomto rezˇime
elektro´nne rozpt´ilnie je zanedbateˇlne´ a preto d´lzˇka vlny
elektro´nov mus´i bytˇ mensˇia ako stredny´ volny´ priebeh
elektro´nu. Vy´sledok, ktory sme dostali je mozˇne´ pouzˇiˇt
pre dostatocˇne kra´tke nano-ka´ble a taktiezˇ bodove´ kon-
takty, kde sa prechod uskutocˇnˇuje pomocou jednodi-
menzia´lne´ho pohybu. Teraz uzˇ ma´me Landauerovu´
formulu, opisuju´cu kvantiza´ciu konduktivity jednodi-
menzia´lne´ho voidcˇa.
σ0 =
2e2
h
=
1
12906 Ω
= 77.5µSm. (25)
V rea´lnom nano-technologickom bodovom kontakte je
konduktivita dosiahnuta´ pomocou veˇlke´ho mnozˇstva
podobny´ch jednodimenzia´lny´ch kana´lov a pre vy´pocˇet
celej konduktivity mus´ime na´sobiˇt kvantum konduktiv-
ity σ0 s pocˇtom otvoreny´ch jednodimenzia´lny´ch kana´lov
K
σ = Kσ0 = K
2e2
h
. (26)
VIII. VPLYV TEPLOTY NA KONDUKTIVITU
Presku´majme vy´sledky, dosiahnute´ pri realiza´cii exper-
imentu. V nasˇej pra´ci sme pouzˇili tranzistor, zobrazen´i
na Fig. 7. Teplota, pri ktorej boli uskutocˇnˇene´ merania
je bl´izka k absolutnej T = 0.6 K. Dosta´vaju´c informa´ciu
o volta´zˇi z pr´iborov moˆzˇeme lˇahko vypocˇ´itatˇ konduktiv-
itu pre roˆzne veˇlkosti negat´ivneho gejtove´ho volta´zˇu Ug,
prilozˇene´mu k bodove´mu kontaktu. S ty´mto negat´ivnym
voltazˇom sa moˆzˇe urobiˇt jednoducha´ analo´gia, ktora´
na´m pomoˆzˇe pochopiˇt graficku´ su´vislostˇ medzi σ a Ug,
uka´zanu´ na Fig. 9. Pridany´ gejtovy´ potencial moˆzˇe bytˇ
prijaty´ ako sˇ´irka gejtu. Ta´to analo´gia uzˇ bola vyuzˇita´ v
druhej sekcii. Zvecˇsˇenie Ug Znamena´, zˇe sa bodovy´ kon-
takt stane uzsˇ´im. To znamena´, zˇe menenie negat´ivne´ho
napa¨tia na gejte mozˇe spoˆsobiˇt spa´d, alebo zvysˇenie
konduktivity nano-technologicke´ho bodove´ho kontaktu,
zmenen´im jeho sˇ´irky. Takto ta´to jednoducha´ analo´gia
9medzi potencia´lom a sˇ´irkou na´m umozˇnila redukovanie
nasˇej u´lohy k proste´mu modelu obycˇajne´mu Ohmove´mu
vodicˇu.
Konduktivita je predstavena´ v jednotka´ch 2e2/h. Za-
ujmave´ je, zˇe sa konduktivita nezvysˇuje linea´rne s
linea´rny´m zvecˇsˇen´im sˇ´irky bodove´ho kontaktu, ale, ako
sme uzˇ op´isali, ta´to funkcia ma´ zvla´sˇtny vzhˇlad; konduk-
tivita sa zvecˇsˇuje v urcˇity´ch porcia´ch, do´zach, nazy´vane´
kvanty. Kazˇdy´ z n´ich zvy´sˇuje konduktivitu σ o 2e2/h.
Kedˇ Ug = −2.2 V konduktivita je nulova´. S toho
vyply´va. zˇe zˇiadny´ pru´d neprecha´dza a bodovy´ kontakt je
uzatvoreny´. Iny´mi slovami, kedˇ Ug = −2.2 V sˇ´irka gejtu
je nulova´ a retˇaz je prerusˇena´, pretozˇe vsˇetky elektro´ny
z kontaktu su´ vytlacˇene´ nabok ot elektricky´ch odpudzu-
juc´ich s´il. Kvantiza´cia konduktivity pr´istroja, uka´zanom
na Fig. 7 v spomenuty´ch podmienkach mo´zˇe bytˇ detek-
tovana´ v hraniciach d Ug = −0.3 V do Ug = −2.2 V,
kedˇ je retˇaz prerusˇena´. v ty´chto hraniciach sa konduk-
tivita men´i spolu 16 kra´t, a kazˇda´ z porci´i sa rovna´
2e2/h. Grafika taktiezˇ ukazuje, zˇe kvantiza´cia konduk-
tivity nie je celkom prudka´ a presna´, “schody’ su´ trochu
oble´. Pr´icˇina tohto neidea´lne´ho vzhˇladu funkcie je elek-
tricky´ odpor 2DEG zo´n, ktory´ je priblizˇne 400 Ω. Dˇalej
moˆzˇeme spozorovatˇ, zˇe cˇ´im je vysˇsˇia konduktivita, ty´m
je funkcia oblejˇsia. Vysvetlenie pre tento jav na´jdeme v
opore 2DEG zo´n, ktor´i sa stane vecˇsˇiou cˇiastkou cele´ho
odporu retˇaze, koˆli zn´izˇeniu rezistencie bodove´ho kon-
taktu. Teraz uzˇ ma´me pomer σ/Ug vyjasneny´ pre T =
0.6 K. Veˇlmi zaujimava´ u´loha je presku´matˇ ten isty´ ex-
periment, prevedeny´ pri roˆznych teplota´ch T.Grafika, zo-
brazuju´ca zmeny σ ako funkcia Ug je uka´zana´ na Fig. 10.
Tento raz su´ tam zobrazene´ zmerane´ hodnoty pre roˆzne
teploty: 0.3 K, 0.6 K, 1.6 K, 4.2 K. Zrejme kvantiza´cia
konduktivity postupne mizne so zvy´sˇen´im teploty. Esˇte
pri T = 4.2 K je uzˇ len tˇazˇko rozl´iˇsitelna´. Uzˇ sme skoncˇili
s op´isovan´im vecˇsˇiny najdoˆlezˇitejˇs´ich a najzaujmavejˇs´ich
aspekto´v kvantiza´cie konduktivity nano-technologicke´ho
bodove´ho kontaktu. Teraz by sme chceli op´isatˇ jeden
veˇlmi doˆlezˇity´ detajl, ty´kajuc´i sa tejto pra´ce. Uzˇ sme
op´isali kde vznika´ Ohmova rezistencia v nasˇom pr´ibore,
ale nasˇa´ pra´ca by bola neuplna´, keby sme vynechali
ota´zku kde presne sa Ohmove´ zahrievanie prejavuje;
na tomto mieste by sme chceli spomenu´tˇ niecˇo o neo-
bratitelnosti bodove´ho kontaktu, pri zvy´sˇen´i entropie.
Elektro´ny precha´dzaju´ cez gejt v balistickom rezˇ´ime,
takzˇe tu sa teplota nevylucˇuje. Teplota sa vlastne pre-
javuje pri prechode elektro´nov z jedne´ho Fermiho mora
do druhe´ho cez jednodimenzia´lny kana´l a zacˇ´inaju´ sa
udieratˇ do okolity´ch stien. Situa´cia, pri ktorej jeden
elektro´n vcha´dza do mora cez bodovy´ kontakt pripomi´na
model vysielania uplne cˇierne´ho telesa. Presne tak
isto ako lu´cˇ svetla, padaju´ci cez u´zky otvor do sˇkatule
ju uzˇ nemoˆzˇe opustiˇt, aj elektro´n, presˇiel do druhej
2DEG zo´ny ju uzˇ nemoˆzˇe opustiˇt cez jednodimenzia´lny´
kana´l. Neobratitelnostˇ procesu prenosu elektro´nov cez
nano-technologicky´ kontakt sa prejavuje pra´ve v nee-
lasticky´ch u´deroch, ktore´ elektro´ny utrpia kedˇ prejdu
do druhe´ho, nizˇsˇieho Fermiho mora. Tento proces je
naplno identicky´ so zahrievan´im vody, ktora´ sa prelieva
z jedne´ho rezervoa´ru do druhe´ho. V nasˇej pra´ci sme
vyriesˇili jednu´ zaujimavu´ u´lohu z aktua´lnej fyziky, aj
kedˇ vy´sledky, potrebne´ pre analy´zu experimenta´lny´ch da´t
sme dosiahli s elementa´rnimi meto´dami, vyucˇovany´mi na
strednosˇkolskej u´rovni vyucˇovania z fyziky.
Acknowledgments
Jeden z autorov (TM) dˇakuje T. Teodosievovi za poz-
vanie pre predna´sˇanie tohto textu v sˇkole v Kazanlaku a
H. Hristovi za za´ujem a podporu.
